Quantum discord for a two-parameter class of states in $2 \otimes d$
  quantum systems by Ali, Mazhar
ar
X
iv
:1
00
8.
40
13
v1
  [
qu
an
t-p
h]
  2
4 A
ug
 20
10
Quantum discord for a two-parameter class of states
in 2⊗ d quantum systems
Mazhar Ali
Department of Electrical Engineering, COMSATS Institute of Information
Technology, Abbottabad 22060, Pakistan
E-mail: mazharaliawan@yahoo.com
Abstract.
Quantum discord witnesses the nonclassicality of quantum states even when there
is no entanglement in these quantum states. This type of quantum correlation also
has some interesting and significant applications in quantum information processing.
Quantum discord has been evaluated explicitly only for certain class of two-qubit
states. We extend the previous studies to 2 ⊗ d quantum systems and derive an
analytical expression for quantum discord for a two-parameter class of states for d ≥ 3.
We compare quantum discord, classical correlation, and entanglement for qubit-qutrit
systems to demonstrate that different measures of quantum correlation are not identical
and conceptually different.
PACS numbers: 03.65.Ta,03.67.-a
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1. Introduction
Bipartite quantum states can be divided into separable states and entangled states [1, 2].
Entangled states have been shown as a resource for certain tasks in quantum information
[3]. Entangled states are nonclassical because they can not be prepared using local
operations and classical communication (LOCC). Recently, it was found that there are
some quantum correlations namely quantum discord different than entanglement which
are also nonclassical and offer some advantage over classical states, for example, quantum
non-locality without entanglement [4, 5, 6], and broadcasting of quantum states [7, 8].
In addition, it was shown theoretically [9, 10, 11], and later experimentally [12], that
quantum discord is useful for quantum computation [13]. Therefore, it is desirable to
investigate, characterize, and quantify quantum discord and other correlations to have
a unified view of quantum and classical correlations [14].
Quantum discord is defined only for bipartite systems as this concept relies on
definition of quantum mutual information which is defined only for bipartite systems.
Quantum mutual information captures the total amount of correlations, both classical
and quantum correlation in a given quantum state. It is an information-theoretic
measure of the total correlation in a bipartite quantum state [15]. In particular, if
ρAB denotes the density operator of a composite bipartite system AB, and ρA (ρB) the
density operator of part A (B), respectively, then the quantum mutual information is
defined as
I(ρAB) = S(ρA) + S(ρB)− S(ρAB) , (1)
where S(ρ) = −tr (ρ log2 ρ) is the von Neumann entropy. Moreover, it was shown that
quantum mutual information is the maximum amount of information that A(lice) can
send securely to B(ob) if a composite correlated quantum state is used as the key for a
one-time pad cryptographic system [16]. Recently it was suggested that correlations in a
given quantum state can be split into two parts, that is as a sum of classical correlation
C(ρAB) and quantum correlationQ(ρAB), that is, I(ρAB) = C(ρAB)+Q(ρAB) [17, 18, 19].
The quantum part Q has been called quantum discord [17]. Quantum discord is not
identical to entanglement because separable mixed states (that is, with no entanglement)
can have non-zero quantum discord.
Quantum discord reflects the nonclassicality of quantum states. Despite its
practical applications and importance in understanding the fundamental questions in
quantum physics, quantum discord has only been evaluated for the simplest case of
qubit-qubit systems and even for restricted but larger class of quantum states [20]. The
main reason is the difficulty of complicated extremization procedure which becomes
intractable with growing number of parameters both in von Neumann measurements
and the parameters involved with quantum states. For pure states and, surprisingly, for
a mixture of Bell states, quantum correlation is exactly equal to entanglement whereas
classical correlation attains its maximum value 1. However, for general two-qubit
mixed states, the situation is more complicated. Qubit-qubit entanglement has been
characterized and quantified completely whereas quantum discord only for particular
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cases [17, 18, 19, 20, 21, 22, 23, 24, 25, 26]. We slightly extend and generalize some
of the previous studies to analytically compute the classical correlation and quantum
discord for a two-parameter class of states in 2 ⊗ d quantum systems with d ≥ 3. This
class of states can be obtained from an arbitrary state by means of LOCC and these
states are invariant under all bilateral operations on a 2⊗ d quantum system. We show
that classical correlation and quantum discord can be calculated straight forwardly
due to the fact that the eigenvalues of the measurement ensemble do not depend on
the parameters of the von Neumann measurements. This fact is due to the reason
that these states are highly symmetric and this symmetry brings sufficient simplicity in
handling the corresponding maximization/minimization procedure. As an example, we
study the qubit-qutrit system and compare the classical correlation, quantum discord,
and entanglement for various initial states.
This paper is organized as follows. In Section 2 we discuss quantum discord.
We describe the two-parameter class of states in Section 3 and calculate the classical
correlation and quantum discord for them. In Section 4, we apply the results for
various initial states of qubit-qutrit system and study the relation between the classical
correlation, quantum discord, and entanglement. We conclude our work in Section 5.
An Appendix present the details of transforming an arbitrary state in 2 ⊗ d quantum
systems by local operation and classical communication (LOCC) to two-parameter class
of quantum states discussed in this paper.
2. Quantum discord
In order to quantify quantum discord, Ollivier and Zurek [17] suggested the use of
von Neumann type measurements which consist of one-dimensional projectors that sum
to the identity operator. Let the projection operators {Bk} describe a von Neumann
measurement for subsystem B only, then the conditional density operator ρk associated
with the measurement result k is
ρk =
1
pk
(I ⊗ Bk)ρ(I ⊗ Bk) , (2)
where the probability pk equals tr[(I⊗Bk)ρ(I⊗Bk)]. The quantum conditional entropy
with respect to this measurement is given by [19]
S(ρ|{Bk}) :=
∑
k
pk S(ρk) , (3)
and the associated quantum mutual information of this measurement is defined as
I(ρ|{Bk}) := S(ρA)− S(ρ|{Bk}) . (4)
A measure of the resulting classical correlations is provided [17, 18, 19, 20, 21] by
CB(ρ) := sup
{Bk}
I(ρ|{Bk}) . (5)
The real obstacle to compute quantum discord lies in this complicated maximization
procedure for calculating the classical correlation because the maximization is to be done
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over all possible von Neumann measurements of B. Now, the quantities I(ρ) and CB
may differ, and the difference
QB(ρ) := I(ρ)− CB(ρ) , (6)
is called quantum discord.
The above definition of quantum discord is not symmetric with respect to parties A
and B [27]. Nevertheless, one can swap the role of A and B and get another expression
[28] for quantum discord as
QA(ρ) := I(ρ)− CA(ρ) , (7)
where
CA(ρ) := sup
{Ak}
I(ρ|{Ak}) , (8)
and {Ak } describe the von Neumann measurements for subsystem A only. For a given
mixed state QA(ρ) 6= QB(ρ), however it is known that QA(ρ) , QB(ρ) ≥ 0. For pure
states, quantum discord coincides with the von Neumann entropy of entanglement. For
two-qubit quantum states, the quantification of quantum discord is only available for
certain states [19, 20, 21, 22, 23, 24, 25, 26]. It is known that if QA(ρ) = QB(ρ) = 0,
then ρ is diagonal in the product basis |i〉 ⊗ |j〉, and
ρ =
∑
i,j
λij |i〉〈i| ⊗ |j〉〈j| , (9)
can be represented by the classical joint probability distribution λij . Recently, it was
shown [29] that if QA(ρ) = 0, then
[ ρ, ρA ⊗ IB ] = 0. (10)
This necessary condition ensures that if ρ does not commute with ρA ⊗ IB, then its
quantum discord is strictly positive, and ρ is nonclassically correlated. However, the
reverse is not true, means that if ρ commutes with ρA ⊗ IB, then its quantum discord
may be greater than zero. Recently the states having zero quantum discord were
discussed in detail [30, 31]. However, despite this progress, it is still not known how to
compute quantum discord for a general bipartite quantum state due to the complicated
maximization procedure. We provide the analytical results to compute the classical
correlation and quantum discord for a two-parameter class of states in 2 ⊗ d quantum
systems with d ≥ 3. This two-parameter class of states is special in the sense that an
arbitrary quantum state ρ in 2⊗d can be reduced to this class provided local operations
and classical communication (LOCC) is allowed. This class includes the maximally
entangled Bell states, ‘Werner’ states [32] which include both separable and nonseparable
states, as well as others. We have evaluated the analytical expressions for the classical
correlation and quantum discord. We have also examined the relation between classical
correlation, quantum discord, and entanglement for qubit-qutrit systems.
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3. Quantum discord for two-parameter class of states in a 2⊗ d quantum
systems
The class of states with two real parameters α and γ in a 2⊗ d quantum system [33] is
given as
ρα,γ = α
1∑
i=0
d−1∑
j=2
|i j〉〈i j|+ β (|φ+〉〈φ+|+ |φ−〉〈φ−|+ |ψ+〉〈ψ+| )
+ γ |ψ−〉〈ψ−| , (11)
where { |i j〉 : i = 0, 1, j = 0, 1, . . . , d− 1 } is an orthonormal basis for 2⊗ d quantum
system and
| φ±〉 = 1√
2
( |0 0〉 ± |1 1〉 ) (12)
|ψ±〉 = 1√
2
( |0 1〉 ± |1 0〉) , (13)
and the parameter β is dependent on α and γ by the unit trace condition,
2 (d− 2)α+ 3 β + γ = 1 . (14)
From Eq. (11) one can easily obtain the range of parameters as 0 ≤ α ≤ 1/(2(d − 2))
and 0 ≤ γ ≤ 1. We note that the states of the form ρ0,γ are equivalent to Werner
states [32] in a 2⊗2 quantum systems. Moreover, the states ρα,γ have the property that
their PPT (positive partial transpose) region is always separable [33]. The Appendix A
describes the procedure of transforming an arbitrary quantum state ρ in 2 ⊗ d to ρα,γ
with the help of local operations and classical communication (LOCC).
Now we calculate the quantum discord for this family of quantum states. It is
known that any von Neumann measurement for subsystem A can be written as Ref.
[19]
Ai = V Πi V
† : i = 0, 1 , (15)
where Πi = |i〉〈i| is the projector for subsystem A along the computational base |i〉 and
V ∈ SU(2) is a unitary operator with unit determinant. After the measurement, the
state ρα,γ will change to the ensemble {ρi, pi}, where
ρi :=
1
pi
(Ai ⊗ I) ρα,γ (Ai ⊗ I) , (16)
and pi = tr [ (Ai ⊗ I) ρα,γ (Ai ⊗ I) ]. The {ρi, pi}, with i = 0, 1 are of subsystem B and
thus d× d density matrices.
We may write any V ∈ SU(2) as
V = t I + i ~y · ~σ , (17)
with t, y1, y2, y3 ∈ R and t2+y21+y22+y23 = 1. This implies that these parameters, three
among them independent, assume their values in the interval [−1, 1], i. e. t , yi ∈ [−1, 1]
for i = 1, 2, 3. The ensemble {ρi, pi} can be characterized by their eigenvalues [19, 20].
Interestingly, it turns out that the eigenvalues of the measurement ensemble do not
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depend on the parameters of SU(2) for any d. In a previous study, we have already
observed this peculiarity for certain quantum states in 2⊗2 quantum systems where for
example the eigenvalues of the measurement ensemble for Werner states do not depend
on SU(2) parameters [20]. As Werner states are special case of these states, so we
have identified a whole class of quantum states in 2 ⊗ d quantum systems which have
this property. The main reason for this behaviour is the highly symmetric nature of
these states that is, U ⊗ U -invariance (See Appendix A). Therefore, as a result there
is no complicated extremization or minimization procedure involved over von Neumann
measurements for these states and we can easily obtain the analytical expressions for
classical correlation and quantum discord.
The quantum conditional entropy in Eq. (3) is given as
S(ρα,γ|{Ai}) = p0 S(ρ0) + p1 S(ρ1) . (18)
It turns out that S(ρ0) = S(ρ1) and hence, the quantum conditional entropy becomes
S(ρα,γ|{Ai}) = S(ρ0) = S(ρ1) . (19)
As per Eq. (5), the classical correlation is obtained as
C(ρα,γ) = sup
{Ai}
[ I(ρα,γ |{Ai}) ]
= S(ρBα,γ)−min
{Ai}
[S(ρα,γ|{Ai}) ] . (20)
Therefore, to calculate the classical correlation and consequently quantum discord, we
have to minimize Eq. (19). However, as it is shown below that the eigenvalues of ρi do not
depend on the parameters of von Neumann measurements, therefore the minimization
procedure is not required.
The reduced density matrix ρBα,γ is d × d diagonal matrix and hence have d
eigenvalues. The spectrum of ρBα,γ is given as
{3 β + γ
2
,
3 β + γ
2
, 2α, 2α, . . . , 2α
}
. (21)
The entropy of ρBα,γ is given as
S(ρBα,γ) = −2 (d− 2)α log(2α)− (3 β + γ ) log(
3 β + γ
2
) , (22)
where all logrithms in this paper are taken to base 2. Similarly, the expression for
S(ρα,γ|{Ai}) is given as
S(ρα,γ|{Ai}) = − 2 (d− 2)α log(2α)− 2 β log(2 β)
− (β + γ) log(β + γ) . (23)
The classical correlation is given as
C(ρα,γ) = − (3 β + γ) log(3 β + γ
2
) + 2 β log(2 β)
+ (β + γ) log(β + γ) . (24)
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The quantum mutual information for ρα, γ is given as
I(ρα,γ) = S(ρAα,γ) + S(ρBα,γ)− S(ρα,γ)
= (3 β + γ) log(
4
3 β + γ
) + 3 β log(β) + γ log(γ) , (25)
and quantum discord is simply given as
Q(ρα,γ) = I(ρα,γ)− C(ρα,γ)
= β log(2 β) + γ log(2 γ)− (β + γ) log(β + γ) . (26)
We note that the reduced density matrix ρAα,γ is always equal to maximally mixed
state irrespective of the dimension of second Hilbert space, that is, ρAα,γ = I/2, whereas
ρBα,γ is equal to maximally mixed state only for d = 2, that is, for qubit-qubit system.
For d ≥ 3, qubit marginal is maximally mixed and qudit marginal is not. Thus, we
have obtained analytically the classical correlation and thereby quantum discord for
two-parameter class of states in qubit-qudit systems. For the special case of two-qubit
X-states [34] with restrictions ρ11 = ρ44, ρ22 = ρ33, and with real off-diagonal elements,
we recover the results of Refs. [19, 20]. Hence our study is generalization of some of the
results obtained earlier and the extension of all previous studies on quantum discord to
qubit-qudit quantum systems.
4. Discord and entanglement for qubit-qutrit system
In this section, we study the relation between the classical correlation, quantum discord,
and entanglement for initial qubit-qutrit states. The two-parameter states for this
dimension of Hilbert space are give as
σα,γ = α ( |0 2〉〈0 2|+ |1 2〉〈1 2| ) + β ( |φ+〉〈φ+|+
|φ−〉〈φ−|+ |ψ+〉〈ψ+| ) + γ |ψ−〉〈ψ−| . (27)
The negativity [35] is a measure of entanglement which completely characterizes
and quantifies the set of entangled states for 2 ⊗ 2 and 2 ⊗ 3 systems [1, 2]. However,
the negativity completely characterizes and quantifies the entanglement of this family
of quantum states in all dimensions of Hilbert space because it was shown [33] that
the PPT region of these states is always separable and there is no possibility of bound
entangled states [2] in this family. The negativity for ρα,γ is given as [33]
N(ρα,γ) = max { 0, 2 (d− 2)α + 2 γ − 1 } . (28)
For qubit-qutrit system negativity would be N(σα,γ) = max { 0, 2α+ 2 γ − 1 }.
Let us consider few initial states as examples to study classical correlation,
entanglement and quantum discord.
(1) : As a trivial example we consider the initial state Eq.(27) with α = β = 0, and
γ = 1. Eqs.(24), (25), and (26) predict that
I(ρ0,1) = 2 , C(ρ0,1) = Q(ρ0,1) = N(ρ0,1) = 1 , (29)
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which is obviously the case for maximally entangled Bell state [15], where entanglement
and quantum discord also coincide and are identical.
(2) : As a second example consider the initial states Eq. (27) with α = γ = 0
and β = 1/3. Clearly the negativity of ρ0,0 is zero, that is N(ρ0,0) = 0 and the
states have positive partial transpose (PPT) and hence separable. Although there is
no entanglement in these states for this choice of two parameters, nevertheless, the
states were constructed by a fraction of maximally entangled state |ψ+〉 and we expect
some nonclassical correlation in it. The classical correlation and quantum discord are
given as
C(ρ0,0) = 5
3
+ log(
1
3
) , Q(ρ0,0) = β = 1
3
, (30)
respectively. Hence, both classical correlation and quantum discord are strictly positive.
(3) : Consider the initial states Eq. (27) with γ = 0. Again the negativity for ρα,0
is zero, that is, N(ρα,0) = 0 and hence the states are PPT and separable. Nevertheless,
the classical correlation is given as
C(ρα,0) = − (1− 2α) log(1− 2α
2
) +
2(1− 2α)
3
× log(2(1− 2α)
3
) +
1− 2α
3
log(
1− 2α
3
) , (31)
and quantum discord is given as
Q(ρα,0) = 1− 2α
3
. (32)
Γ = 0
CHΡΑ,0L
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Figure 1. Quantum discord and classical correlation for the class of states in Eq.(27)
with γ = 0 and d = 3, i.e., qubit-qutrit quantum system of the adjoining text are
plotted for ρα,0.
Figure 1 displays the classical correlation and quantum discord for ρα,0 against the
parameter α. The solid line presents classical correlation, whereas the dashed line is for
quantum discord. It can be seen that for this particular initial state, quantum discord
is always greater than classical correlation.
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(4) : Let us consider the initial state with parameter β = 0. It can be seen easily
that initial states consist of maximally entangled state mixed with noisy component,
that is, for γ = 1, the state is maximally entangled and it is separable only for γ = 0.
It turns out that the negativity, classical correlation, and quantum discord are equal for
this state and given as
N(ρα,γ |β=0) = C(ρα,γ |β=0) = Q(ρα,γ |β=0)
= 1− 2α . (33)
As α ∈ [0, 1/2], hence for α = 0, these correlations achieve their maximum value equal
to 1 and they are zero for α = 1/2 which corresponds to value of parameter γ = 0.
(5) : Finally, we consider the initial states with α, β, γ > 0. The classical
correlation, quantum discord, and negativity have been plotted in Figure 2 for ρα,γ for a
particular value of the parameter β = 0.05. The solid line is for classical correlation, the
dotted-dashed line is for negativity, and the dashed line for quantum discord. For this
particular initial state, the classical correlation is always smaller than quantum discord,
however it is larger than entanglement only for a particular range and then becomes
always smaller than negativity. Similarly, quantum discord is also larger than negativity
for some range of parameter γ and then becomes smaller.
Β = 0.05
NHΡΑ,ΓL
CHΡΑ,ΓL
QHΡΑ,ΓL
0.0 0.2 0.4 0.6 0.8
0.0
0.1
0.2
0.3
0.4
0.5
0.6
Γ
Figure 2. As in Fig. 1 for the class of states in Eq.(27) for qubit-qutrit quantum
systems in the text. Top curve (dotted-dashed line) is for negativity, middle one
(dashed) is for quantum discord, and bottom curve (solid line) is for classical
correlation.
We note that both classical correlation and quantum discord vanishes for a
particular value of γ as shown in Figure 2. We show the plot for this range of values
in Figure 3. It can be seen that for β = γ, classical correlation, quantum discord, and
entanglement vanishes. It might appear as surprising, however it is obvious that the
initial states with β = γ are completely uncorrelated states and therefore we expect
that all correlation measures must be zero.
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Β = 0.05
NHΡΑ,ΓL
CHΡΑ,ΓL
QHΡΑ,ΓL
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Γ
Figure 3. Enlarged plot for given range of Fig. 2 for the class of states in Eq.(27) for
qubit-qutrit quantum systems. The dotted-dashed line is for negativity, dashed line is
for quantum discord, and solid line is for classical correlation. The figure shows that
for β = γ, all correlations are equal to zero.
5. Summary
We have derived analytical expressions for the classical correlation and quantum discord
for two-parameter class of states in 2⊗ d quantum systems. This class has a peculiarity
that the eigenvalues of its measurement ensemble do not depend on the parameters
of von Neumann measurements. These highly symmetric quantum states enable us to
calculate the corresponding expressions for classical correlation and quantum discord
without any complicated maximization/minimization procedure. Another important
aspect is the fact an arbitrary state in 2 ⊗ d quantum system can be transformed
into this class of two-parameters states by LOCC. Hence, if LOCC are allowed then
one can find the classical correlation and quantum discord for qubit-qudit quantum
systems for any arbitrary quantum state. These results also generalizes some of the
results previously available only for a single and three-parameter subsets of such states
in qubit-qubit Hilbert space. Various correlations such as the classical correlation,
quantum discord, and entanglement can now be examined for a larger class of bipartite
quantum states that includes maximally or partially entangled states, and mixed states
that are separable or non-separable. Perhaps the investigations on quantum discord or
other quantum correlation may reveal the true nature of nonlocality and nonclassicality
in a more clear way. We conclude that entanglement and quantum discord are not
identical correlation and quantum discord is a fundamentally different resource than
entanglement. More rigorous studies on unified view of classical and quantum correlation
is desired.
During the completion of this work, I have learned that similarly studies are in
progress [38] on evaluating quantum discord for qubit-qudit quantum systems in a totally
different way and for more general class of quantum states.
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Appendix A. Transformation of an arbitrary state into two-parameter class
by LOCC
Now we briefly describe the process of transforming an arbitrary state in 2⊗d quantum
system to a state of the form ρα,γ . All the subsequent discussion has been described
in Ref. [33]. We reproduce the arguments here for the convenience of readers. It
was shown that an arbitrary state in a 2 ⊗ d quantum system can be transformed to
a state of the form ρα,γ (Eq.(11)) by LOCC. The states ρα,γ are invariant under all
unitary operations of the form U ⊗ U on a 2 ⊗ d quantum system. Let U(k) be the
group of all unitary operators on a k-dimentional Hilbert space, and { |0〉A |1〉A } and
{ |0〉B |1〉B . . . , |d− 1〉B } be bases of HA and HB, respectively. For ease, we identify a
unitary operator UA ∈ U(2) with UB ∈ U(d) if for j = 0, 1, UA|j〉A = aj |0〉A + bj |1〉A
and UB|j〉B = aj |0〉B + bj |1〉B. For 0 < m < d, we let
G(m, d) = {U ∈ U(d) : U(Hm) = Hm, U(H⊥m) = H⊥m } (A.1)
where Hm is a subspace of HB generated by |0〉B, |1〉B, . . . |m − 1〉B, and H⊥m is the
orthogonal complement of Hm in HB. Then G(2, d) is a subgroup of U(d), and if U is a
unitary operator in G(2, d) then it is compatible to write a unitary operator of the form
U ⊗ U on a 2⊗ d quantum system.
The technique of transforming an arbitrary state ρ to ρα,γ by using local operations
and classical communication (LOCC) is similar to that presented by Bennet et al [36]
and Du¨r et al [37]. We outline here the main arguement from Ref. [33]. It was shown
that there exist unitary operators Uk and probabilities pk such that∑
k
pk (Uk ⊗ Uk )ρ (U †k ⊗ U †k ) = ρα,γ . (A.2)
Define the operation Uθ as Uθ : |j〉 7→ (eiθ)j |j〉, where i =
√−1. First perform
Upi ⊗ Upi with probability 1/2 and no operation (identity operation) with probability
1/2, that is,
1
2
(Upi ⊗ Upi )ρ(U †pi ⊗ U †pi ) +
1
2
ρ . (A.3)
Now define the operation Uk by Uk : |j〉 7→ (−1)δj,k |j〉 for k = 2, 3, . . . , d− 1, and then
for each k, perform Uk ⊗ Uk with probability 1/2, while no operation with probability
1/2, respectively. Here, Uk ⊗ Uk = I ⊗ Uk. Now perform Upi/2 ⊗ Upi/2 with probability
1/2 as in Eq.(A.3) and then perform the swap operator U01 : |0〉 ↔ |1〉( |j〉 7→ |j〉 for
2 ≤ j ≤ d − 1 ) with probability 1/2. After these operations, a state of the following
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form is obtained
d−1∑
j=2
aj( |0 j〉〈0, j|+ |1 j〉〈1 j| ) + b( |φ+〉〈φ+|+
|φ−〉〈φ−| ) + c+|ψ+〉〈ψ+|+ c−|ψ−〉〈ψ−| . (A.4)
Let T be the unitary operator defined as |0〉 7→ |0〉, |1〉 7→ |1〉, |2〉 7→ |3〉, |3〉 7→ |4〉, . . . ,
|d− 2〉 7→ |d− 1〉 and |d− 1〉 7→ |2〉. Now perform the operation:
ρ 7→ 1
d− 2
d−3∑
j=0
( T j ⊗ T j )ρ( T j ⊗ T j )† . (A.5)
Here, T j ⊗ T j = I ⊗ T j for any j = 0, 1, . . . , d − 3. As a result a state in Eq.(A.4)
becomes
a
1∑
i=0
d−1∑
j=2
|i j〉〈i, j|+ b( |φ+〉〈φ+|+ |φ−〉〈φ−| )
+c+|ψ+〉〈ψ+|+ c−|ψ−〉〈ψ−| . (A.6)
Let H be the unitary operator (Hadamard operator) defined as |0〉 7→ (|0〉+ |1〉)/√2 ,
|1〉 7→ (|0〉 − |1〉)/√2 and |j〉 7→ |j〉 for 2 ≤ j ≤ d − 1. After performing the following
operation as:
ρ 7→ 2
3
(H ⊗H )ρ(H ⊗H ) + 1
3
ρ , (A.7)
perform the sequence of the previous operations again. One can easily check that Eq.(11)
is obtained with two parameters with α =
∑
i,j aij/(2 d− 4) and γ = c−. One can also
show [33] that ρα,γ is invariant under all U ⊗ U , that is, for any U ∈ G(2, d),
(U ⊗ U )ρα,γ(U † ⊗ U † ) = ρα,γ . (A.8)
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